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1. Introduction
Let f (z) =∑∞n=0 anzn be holomorphic on the open unit disk D. Then, by direct veriﬁcation, the Dirichlet integral
D( f ) = 1
π
∫
D
∣∣ f ′(z)∣∣2 dA(z) = ∞∑
n=1
n|an|2,
where dA is the area measure, is related to the Taylor coeﬃcient of f . The classical Dirichlet space D is the set of all
analytic functions on D with a ﬁnite Dirichlet integral. It is clear that D ⊂ H2, where H2 is the classical Hardy space, and
D endowed with the norm ‖ f ‖2D =D( f ) + ‖ f ‖2H2 becomes a reproducing kernel Hilbert space of analytic functions.
A sequence (zn)n1 in D is a zero set for D provided that there is an element f ∈D, f ≡ 0, such that f (zn) = 0, n 1.
A sequence (zn)n1 in D is a uniqueness set for D if f ∈ D and f (zn) = 0, n  1, happens only if f ≡ 0. Since D ⊂ H2,
a necessary condition for a zero set is the Blaschke condition
∑∞
n=1(1 − |zn|) < ∞, and the failure of this condition is
suﬃcient to obtain a uniqueness set. The complete characterization of the zero sets and the uniqueness sets of D is still an
open question.
Carleson [2] took the ﬁrst step in this direction. He showed that if a sequence (zn)n1 in D satisﬁes
∞∑
n=1
(
1
− log(1− |zn|)
)1−ε
< ∞, (1.1)
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2π∫
0
log
( ∞∑
n=1
1− |zn|2
|eiθ − zn|2
)
dθ < ∞ (1.2)
must be fulﬁlled by a zero set. Then Shapiro and Shields [8] improved (1.1) by showing that
∞∑
n=1
1
− log(1− |zn|) < ∞ (1.3)
is enough to ensure that (zn)n1 is a zero set for D. This is an important generalization of (1.1), and in a sense, the best
known result up to now. Thus, a uniqueness sequence zn = rneiθn , n 1, must satisfy
∞∑
n=1
1
− log(1− rn) = ∞. (1.4)
But, this condition is not suﬃcient to get a uniqueness sequence. Nagel et al. [5] started with the assumption (1.4) on an
arbitrary Blaschke sequence rn ∈ [0,1) and showed that there is a sequence of angles θn such that (rneiθn )n1 becomes a
uniqueness set for D. Their construction is such that (rneiθn )n1 accumulates at all points of the unit circle T. In a recent
paper, Richter et al. [7] showed that it is possible to choose θn such that rneiθn −→ 1, as n −→ ∞. Caughran’s paper [4]
also contains an example, due to Carleson, of a sequence satisfying (1.4) and converging to 1. However, the preceding two
constructions are essentially different. From a different point of view, Bogdan [1] deﬁned a Blaschke set and completely
characterized it for the Dirichlet space.
In this note, we use a special case of Carleson’s formula for the Dirichlet integral to obtain some new families of the zero
sets which are not given by the classical theorems mentioned above. We also provide a modest generalization of Carleson’s
constructive method to obtain a uniqueness set.
2. A new family of zero sets
The following identity is just a part of Carleson representation formula for the Dirichlet integral [3]. However, in this
lemma, we do not assume that either D( f ) or D(B f ) is ﬁnite. This relaxation will be needed later on. We omit the proof
since it can be obtained from Carleson’s proof.
Lemma 2.1 (Carleson). Let f ∈ H2(D) and let B be the Blaschke product formed with the sequence (zn)n1 . Then
D(B f ) =D( f ) + 1
2π
∞∑
n=1
(
1− |zn|2
) 2π∫
0
∣∣∣∣ f (eiθ )eiθ − zn
∣∣∣∣2 dθ.
The preceding lemma shows that if B is a Blaschke product with zeros (zn)n1 and we can ﬁnd f ∈D such that
∞∑
n=1
(
1− |zn|2
) 2π∫
0
∣∣∣∣ f (eiθ )eiθ − zn
∣∣∣∣2 dθ < ∞
then B f ∈D. In other words, (zn)n1 is a zero set for D.
Let (zn)n1 be a Blaschke sequence. We deﬁne two sets related to (zn)n1:
A(zn) =
{
(λn)n1: λn  0,
∞∑
n=1
λn
(
1− |zn|
)
< ∞
}
,
B(zn) =
{( 2π∫
0
| f (eiθ )|2
|eiθ − zn|2 dθ
)
n1
: f ∈D, f ≡ 0
}
;
A(zn) can be interpreted as the set of multipliers of the Blaschke sequence (zn)n1, and B(zn) is a set of multipliers produced
by elements of D \ {0}.
Proposition 2.2. The Blaschke sequence (zn)n1 is a zero set forD if and only if
A(zn) ∩ B(zn) = ∅.
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g ≡ 0, such that g(zn) = 0, n 1. Write g = B f . By Lemma 2.1, D( f )D(B f ) =D(g) < ∞ and
∞∑
n=1
(
1− |zn|2
) 2π∫
0
∣∣∣∣ f (eiθ )eiθ − zn
∣∣∣∣2 dθ D(B f ) =D(g) < ∞.
Hence,( 2π∫
0
| f (eiθ )|2
|eiθ − zn|2 dθ
)
n1
∈ A(zn). (2.1)
In other words, A(zn) ∩ B(zn) = ∅. That f = g/B ∈ D also follows from the well-known F-property which holds for many
spaces of analytic functions including D [9].
On the other hand, if A(zn) ∩ B(zn) = ∅, then there is an f ∈D, f ≡ 0, such that (2.1) holds. Again Lemma 2.1 implies that
D(B f ) < ∞. Hence (zn)n1 is a zero set for D. 
The following nontrivial result is the ﬁrst application of Proposition 2.2.
Corollary 2.3. Let (zn)n1 be a zero set forD. Then there is a sequence (kn)n1 ⊂ N, with limn→∞ kn = ∞, such that the sequence
. . . , zn, zn, . . . , zn︸ ︷︷ ︸
kn times
, . . . (2.2)
is also a zero set forD.
Proof. If
∑∞
n=1 an < ∞, an > 0, then there are integers kn  1, kn −→ ∞, such that
∑∞
n=1 knan < ∞. Now, if (zn)n1 is a
zero set, then there exists f ∈D, f ≡ 0, such that
1
2π
∞∑
n=1
(
1− |zn|2
) 2π∫
0
∣∣∣∣ f (eiθ )eiθ − zn
∣∣∣∣2 dθ < ∞.
Take k′n such that k′n −→ ∞ and
1
2π
∞∑
n=1
k′n
(
1− |zn|2
) 2π∫
0
∣∣∣∣ f (eiθ )eiθ − zn
∣∣∣∣2 dθ < ∞,
and take k′′n such that k′′n −→ ∞ and
∑∞
n=1 k′′n(1 − |zn|) < ∞. Let kn = min{k′n,k′′n}. Now, applying Proposition 2.2 to the
Blaschke sequence (2.2) shows that this sequence is also a zero set for D. 
In the following, we apply Proposition 2.2 to obtain a new family of zero sets for D which accumulate only at one point
of the unit circle.
Theorem 2.4. Let ϕ : [0,1] −→ [0,∞) be increasing and ∫ 10 ϕ(t)/t2 dt < ∞. Suppose that there is f ∈D, f ≡ 0, such that∣∣ f (eiθ )∣∣2  ϕ(∣∣1− eiθ ∣∣/2) (eiθ ∈ T). (2.3)
Then any Blaschke sequence (zn)n1 satisfying
∞∑
n=1
ϕ
(|1− zn|)< ∞ (2.4)
is a zero set forD.
Proof. Fix z ∈ D. Let Ez = {eiθ ∈ T: |1− eiθ | 2|1− z|}. Then, for eiθ ∈ Ez , we have |eiθ − z| 12 |eiθ − 1|. Hence,∫
Ez
| f (eiθ )|2
|eiθ − z|2 dθ 
∫
Ez
ϕ(|1− eiθ |/2)
|eiθ − z|2 dθ  4
∫
Ez
ϕ(|1− eiθ |/2)
|1− eiθ |2 dθ  C .
On the other hand, we have
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T\Ez
| f (eiθ )|2
|eiθ − z|2 dθ 
∫
T\Ez
ϕ(|1− eiθ |/2)
|eiθ − z|2 dθ
 ϕ
(|1− z|) ∫
T\Ez
dθ
|eiθ − z|2  2π
ϕ(|1− z|)
1− |z|2 .
Therefore,
∞∑
n=1
(
1− |zn|2
) 2π∫
0
∣∣∣∣ f (eiθ )eiθ − zn
∣∣∣∣2 dθ = ∞∑
n=1
(
1− |zn|2
)( ∫
Ezn
+
∫
T\Ezn
) 2π∫
0
∣∣∣∣ f (eiθ )eiθ − zn
∣∣∣∣2 dθ
 C
∞∑
n=1
(
1− |zn|2
)+ 2π ∞∑
n=1
ϕ
(|1− zn|)< ∞.
Now, apply Proposition 2.2. 
In Theorem 2.4, the behavior of ϕ around the origin is the main issue. On one hand, we want to let ϕ to go to zero
as fast as possible, since then it would be easier for a sequence to satisfy (2.4). On the other hand, this is not for free.
A rapidly decreasing function ϕ pushes f ∈D to be identically zero if f has to obey (2.3). Therefore, a judicial choice of ϕ
is required.
Corollary 2.5. Let 0< δ < 1, and let ϕ : [0, δ] −→ [0,∞) be an increasing function such that
(i) ϕ ∈ C∞[0, δ],
(ii) ϕ(n)(0) = 0, n 0,
(iii)
∫ δ
0 logϕ(t)dt > −∞.
Then any Blaschke sequence (zn)n1 satisfying
∞∑
n=1
ϕ
(|1− zn|)< ∞
is a zero set forD.
Proof. Let ψ = √ϕ . We can extend ψ to an increasing C∞ function on [0,1] such that ψ ≡ 1 in a left neighborhood of 1.
In the following discussion, we are only concerned with the behavior of ψ around the origin and thus the way we extend
ψ is not important. Let f be the outer function deﬁned by∣∣ f (eiθ )∣∣= ψ(∣∣1− eiθ ∣∣/2).
Since | f | ∈ C∞(T) we can apply the Carleson–Jacobs theorem [9] to conclude that f ∈ A∞(D) ⊂ D. Now, apply Theo-
rem 2.4. 
Some typical prototypes of ϕ are
ϕ(t) = exp
(
− β
tα
)
(0< α < 1, β > 0)
and
ϕ(t) = exp
(
− β
t log1/t log2 1/t · · · log1+εn 1/t
)
(β, ε > 0),
where logk = log · · · log, k times. Hence, if dn = dist(1, zn) = |1− zn|, then the Blaschke sequence (zn)n1 is a zero set for D
if
∞∑
n=1
exp
(
− β
dαn
)
< ∞ (2.5)
for some 0< α < 1 and β > 0, or
∞∑
n=1
exp
(
− β
dn log 1dn log2
1
dn
· · · log1+εk 1dn
)
< ∞ (2.6)
for some β > 0, ε > 0, and integer k  1. This result has the same ﬂavor as [6, Theorem 1.3]. The explicit criteria (2.5) and
(2.6) provide a new family of zeros sets for the Dirichlet space which is not covered by the classical results.
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The following result provides a constructive method to create some uniqueness sets for D. As it is manifested in Corol-
lary 3.3, the main idea of this construction is due to Carleson.
Theorem 3.1. Let (rneiθn )n1 ⊂ D be such that
∞∑
n=1
εn log
1
εn
= ∞,
where εn = 1− rn, and that 0< θn < π/2 and θn ↓ 0. Suppose that there is a bounded sequence (λn)n1 of strictly positive numbers
such that
(i)
∑∞
n=1 λnεn log 1εn = ∞,
(ii) θn − θn+1  λnεn + λn+1εn+1 (n 1).
Then (rneiθn )n1 is a uniqueness set for the Dirichlet spaceD.
Proof. Consider the arcs In = (θn−εnλn, θn+εnλn), n 1, on the unit circle. By (ii), the arcs In are disjoint. By (i), εnλn −→ 0
and thus the end points of In converge to 1, as n −→ ∞. For eiθ ∈ In , |eiθ − zn| (1+ λn)εn , which gives
1− |zn|2
|eiθ − zn|2 
1
(1+ λn)2εn .
Hence,∫
⋃
In
log
( ∞∑
n=1
1− |zn|2
|eiθ − zn|2
)
dθ 
∞∑
n=1
∫
In
log
(
1− |zn|2
|eiθ − zn|2
)
dθ

∞∑
n=1
2λnεn log
1
(1+ λn)2εn = ∞.
Hence, by Carleson condition (1.2), (zn)n1 is a uniqueness set for D. 
Note that in the preceding result the parameter λn , n 1, can be taken such that λn −→ 0, and thus the corresponding
arcs on T are not proportional to 1− rn .
Corollary 3.2. Let (rneiθn )n1 ⊂ D be such that
∞∑
n=1
εn log
1
εn
= ∞,
where εn = 1− rn, and that 0< θn < π/2 and θn ↓ 0. Suppose that
lim inf
n→∞
θn − θn+1
εn + εn+1 > 0.
Then, (rneiθn )n1 is a uniqueness set for the Dirichlet spaceD.
Proof. Set
λ = 1
2
lim inf
n→∞
θn − θn+1
εn + εn+1 ,
and take λn = λ (n 1). Then apply Theorem 3.1. 
The following construction is basically due to Carleson [4] (case λn = 1/2) and it gives a wide family of uniqueness sets
for the Dirichlet space.
Corollary 3.3. Let (εn)n1 , 0< εn < 1, satisfy
∞∑
εn < ∞ and
∞∑
εn log
1
εn
= ∞.n=1 n=1
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∞∑
n=1
λnεn log
1
εn
= ∞.
Put
rn = 1− εn and θn = λnεn + 2
∞∑
k=n+1
λkεk.
Then (rneiθn )n1 is a uniqueness set for the Dirichlet spaceD.
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